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We present a model for predicting the transport of biofunctional magnetic nanoparticles in a passive mag-
netophoretic system that consists of a fluidic chamber positioned above a rare-earth magnet. The model is
based on a drift-diffusion equation that governs the particle concentration in the chamber. We solve this
equation numerically using the finite volume method. We apply the model to the magnetofection process
wherein the magnetic force produced by the magnet attracts magnetic carrier particles with surface-bound gene
vectors toward the bottom of the chamber for transfection with target cells. We study particle transport and
accumulation as a function of key variables. Our analysis indicates that the particles are magnetically focused
toward the center of the chamber during transport, and that the rate of accumulation at the base can be
enhanced using larger particles and/or by reducing the spacing between the magnet and the chamber. The
model provides insight into the physics of particle transport at the nanoscale and enables rapid parametric
analysis of particle accumulation, which is useful for optimizing novel magnetofection systems.
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I. INTRODUCTION

Magnetic nanoparticles are finding increasing use in bio-
applications, primarily as carrier particles for biomaterials
such as cells, proteins, antigens, and DNA �1–5�. The use of
biofunctional magnetic particles enables selective manipula-
tion and immobilization of a biomaterial using an applied
magnetic field. Furthermore, magnetic transport of such par-
ticles enables accelerated delivery of a biomaterial to a target
tissue, thereby overcoming diffusion-limited accumulation.
This is useful for applications such as magnetofection
wherein carrier particles with surface-bound gene vectors are
magnetically attracted toward target cells for transfection
�6–14�. In a typical in vitro magnetofection system, target
cells are located at the bottom of a fluidic chamber �well of a
culture plate�, and a rare-earth magnet beneath the chamber
provides a magnetic force that attracts the biofunctional par-
ticles toward the cells as shown in Fig. 1. Magnetofection
has significant advantages over traditional transfection meth-
ods �6–8�: �i� the process time is dramatically reduced, e.g.,
peak transfection levels can be achieved with a particle/cell
incubation time on the order of 10 min, as compared to 2–4
h for standard methods; �ii� high transfection rates can be
obtained with significantly lower vector doses; �iii� an in-
crease in the gene transfer efficiency of up to five orders of
magnitude can be realized; and �iv� gene delivery can be
achieved with nonpermissive cells. However, despite the ad-
vantages and growing use of magnetofection, relatively few
authors have studied particle transport and accumulation for
this process. Nanoscale transport models are needed for the
development and optimization of novel mesoscale and mi-
croscale magnetofection systems.

In this paper, we study the transport and accumulation of
magnetic nanoparticles in a passive magnetophoretic system
that consists of a fluidic chamber positioned above a cylin-

drical rare-earth magnet. We model particle transport using a
drift-diffusion equation that governs the particle concentra-
tion within the chamber. This equation takes into account
Brownian motion as well as the fluidic, magnetic, and gravi-
tational forces on the particles. We obtain an analytical ex-
pression for the magnetic force, which simplifies the trans-
port analysis. We solve the drift-diffusion equation
numerically using the finite volume method �FVM�, and ap-
ply boundary conditions that mimic the magnetofection pro-
cess. We use the model to study particle transport as a func-
tion of key variables using both one-dimensional �1D� and
2D analysis. Our analysis indicates that the magnetic force
focuses the particles toward the center of the chamber during
transport, and that the rate of particle accumulation at the
base of chamber can be controlled by choosing different
sized particles and/or by adjusting the spacing between the
magnet and the chamber. The model provides insight into the
physics of particle transport and is useful for optimizing the
performance of novel magnetofection systems.

II. THEORY

A. Equation of motion

The motion of a magnetic particle in a fluid under the
influence of an applied field is governed by several forces
including �a� the magnetic force, �b� fluidic drag, �c� particle/
fluid interactions �perturbations to the flow field�, �d� buoy-
ancy, �e� thermal kinetics, and �f� interparticle effects such as
magnetic dipole interactions �15,16�. We consider the behav-
ior of nanoparticles in low concentration and neglect
particle/fluid interactions and interparticle effects. We model
the transport of the nanoparticles using a drift-diffusion
equation for the particle volume concentration c�t� �17–22�,

�c

�t
= � · �D � c − Uc� , �1�

where D=�kT, � is the fluid viscosity �Stokes’ approxima-
tion�, and �=1 / �6��Rp,hyd� is the mobility of a particle with
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an effective hydrodynamic radius Rp,hyd, which takes into
account surface-bound biomaterial. U=�F is the drift veloc-
ity and F is the total force on the particle. In our analysis, we
take into account the fluidic F f, magnetic Fm, and gravita-
tional �buoyancy� Fg forces. The fluidic force is based on
Stokes’ approximation for the drag on a sphere in a viscous
fluid, i.e.,

F f = − 6��Rp,hyd�vp − v f� , �2�

where vp and v f are the particle and fluid velocity, respec-
tively. The drift velocity is obtained in the limit of negligible
particle inertia �mp�dvp /dt�→0�, i.e., by setting

Fm + F f + Fg = 0. �3�

We substitute vp=U into Eq. �3� and obtain U
=��6��Rp,hydv f +Fm+Fg�. Note that if the Stokes drag is the
only force, then U=v f. In our analysis below, we assume that
the fluid is stationary, and therefore U=��Fm+Fg�.

B. Magnetic force

We model the magnetic force on a nanoparticle using the
“effective” dipole moment method in which a magnetic par-
ticle is replaced by an “equivalent” point dipole with a mo-
ment mp,eff �23,24�. The force on the dipole �and hence on
the particle� is given by

Fm = � f�mp,eff · ��Ha, �4�

where � f is the permeability of the transport fluid, mp,eff is
the “effective” dipole moment of the particle, and Ha is the
�externally� applied magnetic-field intensity at the center of
the particle, where the equivalent point dipole is located. It is
important to note that mp,eff depends on Ha. We determine
Fm using analytical expressions for mp,eff and Ha, which we
develop below.

1. Effective dipole model

In order to determine mp,eff, we need a model for the
magnetization of the particles. Consider a magnetic nanopar-
ticle with a radius Rp and volume Vp. A magnetization model
that takes into account self-demagnetization and magnetic
saturation has developed by Furlani �23,25–27�. In this
model, mp,eff=Vpf�Ha�Ha, where

f�Ha� = �
3��p − � f�

��p − � f� + 3
Ha � � ��p − � f� + 3

3�p
�Msp

Msp/Ha Ha � � ��p − � f� + 3

3�p
�Msp

� �5�

and �p and � f are the magnetic susceptibilities of the particle
and fluid, respectively, and Msp is the saturation magnetiza-
tion of the particle. Equations �4� and �5� provide a model for
predicting the magnetic force on nanoparticles taking into
account particle magnetization including self-
demagnetization and saturation effects, i.e.,

Fm = � fVpf�Ha��Ha · ��Ha. �6�

2. Magnetic field

We develop analytical expressions for the magnetic field
and force distribution of a uniformly magnetized cylindrical
magnet, which is commonly used in magnetofection �28�.
The field problem for this geometry involves axisymmetric
analysis. In this section, we obtain a 1D solution. A 2D so-
lution is presented in the Appendix.

In the 1D approximation, the field and force are strictly in
the z direction, i.e., no radial components. This approxima-
tion is reasonable when the diameter of the magnet is much
greater than the diameter and height of the fluidic chamber.

FIG. 1. �Color online� Magnetofection: �a� array of cell cultures positioned above an array of cylindrical rare-earth magnets �adapted
from �6��, �b� the magnetic force pulls magnetic nanoparticles with surface bound gene vectors toward the cells.
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The 1D �on-axis� field solution for a cylindrical rare-earth
magnet that is magnetized to a saturation level Ms is well
known �see p 129 in �29��,

Haz�z� =
Ms

2 � z + Lm

	�z + Lm�2 + Rm
2

−
z

	z2 + Rm
2 � , �7�

where z is the distance above the top of the magnet, and Lm
and Rm are the length and radius of the magnet, respectively.
From Eqs. �6� and �7�, we find that the magnetic force along
the z axis above the magnet is given by

Fmz�z� = �0Vpf�Ha�
Ms

2Rm
2

4
� �z + Lm�

��z + Lm�2 + Rm
2 �2 +

z

�z2 + Rm
2 �2

−
�z + Lm���z + Lm�2 + Rm

2 � + z�z2 + Rm
2 �

�z2 + Rm
2 �3/2��z + Lm�2 + Rm

2 �3/2 � . �8�

As noted above, a 2D field and force expressions are derived
in the Appendix.

III. SOLUTION METHOD

We solve the drift-diffusion equation �1� numerically us-
ing the finite-volume method �FVM�. The physical domain is
discretized into a system of computational cells with each
cell centered on a computational node. We develop both 1D
and 2D models. The 1D model enables rapid parametric
analysis of particle accumulation as a function of key vari-
ables and provides insight into magnetophoresis at the nano-
scale. The 2D model provides a detailed understanding of the
distribution of particles throughout the fluidic chamber and
the accumulation of particles on its base.

In the 1D model, the FVM discretization of Eq. �1� at an
interior node is

ci
n+1 = ci

n −
�t

�z
�Pi+1/2 − Pi−1/2� �i = 1,2, . . . ,Nz� , �9�

where �z=Lc /Nz is the length of a computational cell and Lc

is the length of the chamber. ci
n and ci

n+1 are the values of the
concentration at the ith computational node at time steps n
and n+1, respectively. Pi	1/2 is a discretized version of the
particle flux −�D��c /�z�−Uc� at the edges of the computa-
tional cell zi	1/2. We use an upwind scheme and obtain

Pi+1/2 = − �D
ci+1

n − ci
n

�z
− �min�Ui,0�ci

n + max�Ui−1,0�ci−1
n �� .

�10�

Let zc,t and zc,b denote the locations of the top and bottom
of the chamber, respectively, and let s denote the spacing
between the top of the magnet and the bottom of the chamber
�Fig. 1�b��. The magnetic field solutions Eqs. �7� and �A5�
apply when the top of the magnet is at z=0, and therefore
zc,t=Lc+s and zc,b=s �Fig. 1�b��. We solve Eq. �9� subject to
an initial condition in which there is a uniform particle vol-
ume concentration throughout the chamber c�z ,0�=c0. We
apply a zero-flux Neumann boundary condition at the top of
the chamber and a Dirichlet condition c�zc,b , t�=0 at the bot-
tom. The latter condition mimics the magnetofection process

wherein nanoparticles that reach the bottom of the chamber
are removed from the computation as it is assumed that they
bind with receptor sites on target cells and therefore no
longer influence particle transport. It is assumed that there
are a sufficient number of receptors to accommodate all of
the particles in the chamber. We compute particle accumula-
tion by summing the number of particles that reach the base
of the chamber during each time step.

In the 2D model, we solve Eq. �1� for c�t� inside the
fluidic chamber. The analysis is axisymmetric because of the
symmetry of the chamber as well as the magnetic force. The
drift-diffusion equation is of the form

�c

�t
=

1

r

�

�r

r�D

�c

�r
− Urc�� +

�

�z
�D

�c

�z
− Uzc� , �11�

where Ur and Uz are drift velocities in the r and z directions.
The computational domain is 0
r
Rc and zc,b
z
zc,t,
where Rc is the radius of chamber and zc,b and zc,t are as
above. The FVM discretization of Eq. �11� at an interior
node �i , j� takes the form

ci,j
n+1 = ci,j

n − �t� 1

ri

ri+1/2Pi+1/2,j − ri−1/2Pi−1/2,j

�r

+
Qi,j+1/2 − Qi,j−1/2

�z
� , �12�

where Pi	1/2,j and Qi,j	1/2 represent the particle flux through
the edges of the computational cell surrounding the node
along the r and z directions, respectively. We use an upwind
scheme to obtain the particle flux,

Pi+1/2,j = − �D
ci+1,j

n − ci,j
n

�r
− �min�Ur,i+1,j,0�ci+1,j

n

+ max�Ur,i,j,0�ci,j
n �� �13�

and

Qi,j+1/2 = − �D
ci,j+1

n − ci,j
n

�z
− �min�Uz,i,j+1,0�ci,j+1

n

+ max�Uz,i,j,0�ci,j
n �� . �14�

We solve Eq. �11� with zero-flux Neumann boundary con-
ditions imposed at the top �z=zz,t� and outer edge �r=Rc� of
the chamber, and a Dirichlet condition c�r ,zc,b , t�=0 imposed
at the base to mimic magnetofection as in the 1D case.

IV. RESULTS

We use the particle transport model to study the accumu-
lation of magnetite �Fe3O4� nanoparticles in a magneto-
phoretic system that consists of a cylindrical fluidic chamber
above a rare-earth NdFeB magnet. In our analysis, the cham-
ber has a radius Rc=2 mm and length Lc=3 mm, and is
positioned 1 mm above the magnet. The magnet has a radius
Rm=2.5 mm and length Lm=5 mm and is magnetized to
saturation, Ms=8�105 A /m �Br=1 T�. The chamber and
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magnet dimensions are representative of a standard 96 well
culture plate, which is commonly used for magnetofection.
We assume that the fluid in the chamber is nonmagnetic
�� f =0� with a viscosity and density equal to that of water,
�=0.001 N s /m2, and � f =1000 kg /m3. Fe3O4 nanopar-
ticles have a density �p=5000 kg /m3 and a saturation mag-
netization Msp=4.78�105 A /m. Throughout this section,
without loss of generality, we assume that the hydrodynamic
radius of the particle is the same as its physical radius
Rp,hyd=Rp. We adopt a magnetization model that is consistent
with Eq. �5� when �p1, i.e. �23�,

f�Ha� = � 3 Ha � Msp/3
Msp/Ha Ha � Msp/3.

 �15�

We first study the magnetic force. We compute the force
along a series of horizontal lines 0
r
2Rm corresponding
to different heights z=1, 1.5, 2, 2.5, and 3 mm above the
magnet. We choose a particle radius Rp=100 nm and evalu-
ate the force using Eqs. �A2� and �A3�. We compare the
analytical force values with corresponding numerical data
obtained using finite element analysis �FEA�. The COMSOL

Multiphysics software was used for the FEA.
As shown in Fig. 2, the magnitude of the force varies

across the chamber and decreases with distance from the
magnet. The maximum force on the particle is sub-nano-
Newton, but substantially greater forces can be achieved us-
ing larger particles as the force scales with Rp

3. The axial
force Fmz attracts particles downward toward the surface of
the magnet, and farther from the magnet it is strongest along
the z axis �centerline of the magnet�. However, closer to the
magnet it peaks off-axis, which implies that the particles will
have a pronounced accumulation in an annulus at the bottom
of the chamber. The radial force Fmr peaks �in a negative
sense� above the radial edge of the magnet and acts to move
the particles radially inward toward the z axis, away from the
edge. Thus, particle accumulation is expected to be focused
toward the center of the chamber and minimal near the edge
of the magnet. We examine the distribution of accumulated
particles in more detail in our 2D analysis below.

Next, we perform two 1D parametric studies to under-
stand particle accumulation as a function of particle size and
magnet-to-chamber spacing, respectively. In the first study,
we compute particle accumulation as a function of particle
radius for Rp=0.1–500 nm. For each radius, we determine
the time required for all of the particles to reach the bottom
of the chamber; we call this the saturation time �sat. As
shown in Fig. 3, our analysis indicates that there are two
distinct modes of transport: diffusion-dominated transport,
which applies for smaller particles �Rp�5 nm�, and drift-
dominated transport, which applies for larger particles �Rp
�5 nm�. We find that �sat increases with Rp in diffusion-
dominated transport, but decreases with 1 /Rp

2 in drift-
dominated transport. The first result can be understood by
considering the time �dif required for a particle to diffuse a
distance d, �dif�d2 /D; it follows that �dif�Rp. This is in
contrast to drift-dominated transport wherein larger particles
have a higher drift velocity. Specifically, to first order vp
=�Fm and from Eq. �6� and the definition of the mobility it

follows that vp�Rp
2, which implies that �sat�1 /Rp

2. Practical
magnetofection systems operate in a drift-dominated mode
with particle sizes that range from 100 to 1000 nm in diam-
eter �see www.bocascientific.com and �6–8��. The accumula-
tion rates for these systems are orders of magnitude faster
than diffusion-limited accumulation �28�.

FIG. 2. Magnetic force above a cylindrical rare-earth magnet
�o=FEA�: �a� Fmz, �b� Fmr.
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In the second 1D study, we fix the particle radius Rp
=50 nm and compute particle accumulation as a function of
the separation s between the magnet and the chamber. From
our previous analysis, we know that the transport of this
particle is drift-dominated. We study particle accumulation
for s=0.5, 1.0, 1.5, 2.0, and 2.5 mm, and we compare this
with diffusion-limited accumulation, i.e., with no applied
field �Fig. 4�a��. We find that the rate of magnetically in-
duced accumulation is orders of magnitude faster than that of
diffusion-limited �no field� accumulation, which is consistent
with experimental data shown in Fig. 4�b� �28�. Furthermore,
the rate of accumulation increases substantially with decreas-
ing separation.

In our last study, we perform a 2D drift-diffusion analysis
to understand the distribution of accumulated particles at the
base of the chamber. All dimensions are as above and the
chamber is positioned 1 mm above the magnet. We compute
the accumulation of particles with a radius Rp=100 nm. The
radial distribution of accumulated particles represented in
terms of the particle volume concentration per unit area at
the base of the chamber is shown in Fig. 5. Note that a higher
concentration of particles occurs near the z axis �centerline�
above the magnet. This is due to the magnetic focusing of the
particles during transport. There is also a local maximum in
the concentration in an annulus around the centerline, which
is due to the off-axis peaks in the axial force Fmz near the
magnet as shown in Fig. 2�b�. We also compute the total
particle accumulation at the base of the chamber as a func-
tion of the radial distance r from the center of the chamber.
We integrate the particle number density n, which is obtained
from the concentration c using the relation n=c /Vp. A nor-
malized plot of the particle accumulation is shown in Fig. 6.
Note that the majority of the particles accumulate toward the
center of the chamber away from the edge of the magnet,
where they are repelled inward by the magnetic force. This
implies that higher transfection efficiencies will be achieved

when the fluidic chamber has a smaller radius than the
magnet.

V. CONCLUSIONS

We have developed a model for predicting the transport
and accumulation of biofunctional magnetic nanoparticles
that are confined to a fluidic chamber above a rare-earth
magnet. The model involves the solution of 1D and 2D drift-
diffusion equations that govern the particle concentration in
the chamber. We have solved these equations subject to
boundary conditions that mimic the magnetofection process.
We have used the model to study particle accumulation at the
base of the chamber as a function of particle size and
magnet-to-chamber spacing. Our analysis indicates that par-
ticles need to be sufficiently large �tens of nanometers� to
enable drift-dominated transport, and that the accumulation
is greater toward the center of the chamber away from the
edge of the magnet. For drift-dominated transport, the rate of
accumulation increases with the particle radius, and is in-
versely proportional to the magnet-to-chamber separation.
We have found that magnetically induced particle transport
enables accumulation that is orders of magnitude faster than
diffusion-limited accumulation, which is consistent with ex-
perimental observations. The model presented here provides
a fundamental understanding of magnetophoresis at the
nanoscale and enables the optimization of novel magnetofec-
tion systems.

APPENDIX

In this appendix, we obtain a 2D analytical expression for
the magnetic force of the cylindrical permanent magnet

FIG. 3. Particle saturation time
�sat vs particle radius Rp.
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structure shown in Fig. 1�b�. We solve for both the radial and
axial force components,

Fm�r,z� = Fmr�r,z�r̂ + Fmz�r,z�ẑ , �A1�

where

Fmr�r,z� = �0Vpf�Ha��Har�r,z�
�Har�r,z�

�r

+ Haz�r,z�
�Har�r,z�

�z
� , �A2�

Fmz�r,z� = �0Vpf�Ha��Har�r,z�
�Haz�r,z�

�r

+ Haz�r,z�
�Haz�r,z�

�z
� , �A3�

and

Ha = Har�r,z�r̂ + Haz�r,z�ẑ . �A4�

In order to determine the force, we need an expression for
the field distribution. To this end, we treat the magnet as an
equivalent current source �see Sec. 3.3 of �29�; additional
models for permanent magnet structures can be found in
�30–34�. A cylindrical magnet that is uniformly magnetized
along its axis produces the same field as a sheet of current
that circulates around its circumference. We obtain the field
distribution above the magnet by decomposing the “equiva-
lent” current sheet into infinitesimal current loop elements
and integrating the field contributions from the individual
elements. The 2D field solution for a current loop is well-
known �see p. 263 in �35��. If the magnet is magnetized to
saturation Ms, and centered about the z axis with its top
surface at z=0 as shown in Fig. 1�b�, the applied field is
given by

FIG. 4. Nanoparticle accumu-
lation: �a� % of particles at the
base of the chamber vs magnet-to-
chamber spacing s, �b� measured
relative transfection efficiency,
with and without an applied field
�adapted from �28��.
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Har�r,z� =
Ms

2�
�

−Lm

0

�r�r,z�dz ,

Haz�r,z� =
Ms

2�
�

−Lm

0

�z�r,z�dz , �A5�

where

�r�r,z� =
z

r��Rm + r�2 + z2�1/2� �Rm
2 + r2 + z2�

��Rm − r�2 + z2�
E�k� − K�k�� ,

�A6�

and

�z�r,z� =
1

r��Rm + r�2 + z2�1/2� �Rm
2 − r2 + z2�

��Rm − r�2 + z2�
E�k� + K�k�� .

�A7�

In these expressions, K�k� and E�k� are the complete elliptic
integrals of the first and second kind, respectively �36�,

K�k� = �
0

�/2 1
	1 − k2 sin2���

d�,

E�k� = �
0

�/2
	1 − k2 sin2���d� , �A8�

where

k2 =
4rRm

�Rm + r�2 + z2 . �A9�

From Eqs. �A6� and �A7�, we find that

FIG. 5. Distribution of particle
accumulation per unit area at the
base of the chamber.

FIG. 6. Normalized total par-
ticle accumulation at the base of
the fluidic chamber as a function
of the radial distance from its
center.
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��r�r,z�
�r

=
f2

rd
���Rm

2 + z2�2 + r2�− 3Rm
2 + 2r2 + 3z2���r

+
6Rm

2 rz�Rm
2 − r2 + z2�f

d
E�k�� , �A10�

��r�r,z�
�z

=
��z�r,z�

�r
=

− f2

zd
��z2�Rm

2 + r2� + �Rm
2 − r2�2��r

+
12Rm

2 rz3f

d
E�k�� , �A11�

and

��z�r,z�
�z

=
zf2

d
��Rm

2 − r2 − z2��z

−
4Rm

2 �2Rm
2 − 2r2 + z2�2f

d
E�k�� , �A12�

where

d = �Rm − r�2 + z2 and f =
1

��Rm + r�2 + z2�1/2 .

�A13�

We substitute Eqs. �A5�–�A13� into Eqs. �A2� and �A3� to
evaluate the 2D magnetic force.
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